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Abstract 

The Multiplier Hopf Group Coalgebra was introduced by Hegazi in 2002 [2] as a gen- 
eralization of Hope group caolgebra, introduced by Turaev in 2000 [5], in the non-unital 
case. We prove that the concepts introduced by A. Van Daele in constructing multiplier 
Hopf algebra [H] can be adapted to serve again in our construction. A multiplier Hopf 
group coalgebra is a family of algebras A = {A a } a€7T , (tt is a discrete group) equipped 
with a family of homomorphisms A = {A Qi/ 3 : A a p — > M(A a <g) -A^)} a)J g 67r which is called 
a comultiplication under some conditions, where M(A a <8> Ap) is the multiplier algebra of 
A a ® Ap. 

In 2003 A. Van Daele suggest a new approach to study the same structure by consider 
the direct sum of the algebras A p 's which will be a multiplier Hopf algebra called later 
group cograded multiplier Hope algebra |Sj- And hence there exist a one to one corre- 
spondence between multiplier Hopf Group Coalgebra and group cograded multiplier Hopf 
algebra. By using this one-one correspondence we studied multiplier Hopf Group Coalgebra 



1 Introduction 

In 1992, Alfons Van Daele (HI E] introduced the notion of multiplier Hopf algebra which is con- 
sidered a generalization of a usual Hopf algebra. The theory of multiplier Hopf algebra provided 
us with a mathematical tool for studying noncompact quantum groups with Haar measure. 
Recently, Quasitriangular Hopf ir— coalgebras were introduced by Turaev [S]. He showed that 
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they give rise to crossed ir— categories. Viralizier |Hj studied the algebraic properties of the Hopf 
7i— coalgebras. He showed the existence of integrals and trace for such coalgebras and generalized 
the main properties of the quasitriangular Hopf algebras to the setting of Hopf tt— coalgebras. 
Now let us give some basic definitions which we will need in our work: Assume that A is an 
associative algebra over C. By a left multiplier of A we mean a linear map L : A — > A such that 
L(ab) = L(a)b for all a, b G A. Similarly, by a right multiplier we mean a linear map R : A — ► A 
such that R(ab) = aR(b) for all a,b G A. A multiplier (double multiplier) on A is a pair (L, R) 
such that L is a left multiplier, R is a right multiplier and R(a)b = aL(b) for all a, b G A . 

we denoted by L(A),R(A), and M(A) that the set of all left, right, and multipliers of A. It 
is clear that the composition of maps makes these vector spaces into algebras. 

If the product of A is nondegenerate (i.e. if ab = for all a G A then 6 = and if ab = 
for all b G A then a = 0) then the maps a — > -a, a — > a- and a — > (-a, a-) give a natural 
imbedding of A into L(A),R(A) and M(A) respectively. 

Since the tensor product of two nondegenerate algebras is again nondegenerate then A®j4C 
M(A) ® M(A) C M(A ® A). 

If a homomorphism ^ form A into M(B) is nondegenerate (i.e. B is spanned by vectors <p(a)b 
and spanned by vectors 6y?(a))then it has a unique extension to a homomorphism M(A) — >M (B). 

• A Hopf algebra over C (the field of complex numbers) is a tuple (A, A, e, S) where A is an 
associative unital algebra over C, A : A — ► A ® A, e : A — > C are algebra homomor- 
phisms, and S : A — > A is an algebra antihomomorphism such that A is coassociative, 

(JOe) A = (e® J)A = /, 

and 

m(J ® S) A = m(S <g> J) A = el A 
where m is the multiplication in A. For more details see 012]- 

• A 7T— coalgebra over C is a family A = {A a } a&7T (7i is a discrete group) of C spaces endowed 
with a family A = {A a p : A a p — ► A a £g) A^} of C— linear maps (the comultiplication) and 
a linear map e : A\ — > C (the counit) such that 

1. For any a, j3, 7 G n ; A is coassociative in the sense that 

(A Qi/3 <g> I)5 af3a = (I <g> A j8i7 )A Q1)J g 7 , 

2. For all a G 7r 

(J®e)A a ,i = (e® J)A ljQ = / 
where 1 is the identity in in the group and / is the identity map . 
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• A Hopf 7T— coalgebra over C is a it— coalgebra H = ({H a } ae7T , A, e) endowed with a family 
S = {S a : H a — ► H a -i} aen of C— linear maps (the antipode)such that 

1. Each H a is an algebra with multiplication m a and unit element 1 Q G H a , 

2. e : Hi — ► C and : if Q/ g — > H a <S> Hp (for all a, f3 G it) are algebra homomor- 
phisms , 

3. For any a G n, 

m a (S a -i ® I)A a -i )Q = el Q = m a (J ® Sa-ij^o-i. 

• A multiplier Hopf algebra is a pair (A, A) where A is an associative algebra over C, with 
or without identity and A : A — > M(A ® A) is an algebra homomorphism, M(A ® A) is 
the multiplier algebra of A ® A, such that 

1. For all a,b e A 

A(a)(l®6) G A® A and (a ® 1) A (6) G A ® A, 

2. A is coassociative in the sense that 

(a®l®l)(A® J)(A(6)(l®c)) 

for all a, b, c, G A, 

3. The linear maps 

T l : A® A 
T 2 : A® A 

defined by 

T\a®b) = A(a)(l®&) , 
T 2 (a®6) = (a® 1)A(6) 

are bijective. 

2 Multiplier Hopf group coalgebra. 

Assume that A = {A a } a£jT (where 7r is a discrete group ) is a family of associative algebras over 
C with nondegenerate products, A a may or may not have a unit. 



(J® A) ((a (8) 1)A(6))(1® l®c) 



A ® A 
A ® A 
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Definition 2.1. A comultiplication on A is a family of homomorphisms 

A = {A Qj/3 : A a p — ► M(A a ® A^)}^^ 
such that for any a, /3, 7 G 7r 

1. A a)/9 (o)(l ® 6) G A» ® Vflei^ftG^ and (a ® l)A aj/S (6) G A a ® A^ Va G 
A Q ,6 g A^, 

2. A is coassociative in the sense that 

(a ® 1 ® l)(A a)/9 ® 7)(A qj9>7 (6)(l ® c)) = (J ® A A7 )((a ® l)A Qi/37 (6))(l ® 1 <g> c) 

for all a G A a , b G A Q/ 3 7 , and c G Ay. 

Condition (1) makes sense because A a ® Ap C M(A a ) ® M(A^) C M(A a ® A^). Also, if 
A Q is unital algebra Va G 7r, the above definition gives rise to the definition of comultiplication 
introduced by Tureavj^j- 

Definition 2.2. Let A = {A a } ae7T be a family of algebras with a nondegenerate products over C, 
A a may or may not have a unit and let A be a comultiplication on A .We call (A, A) a multiplier 
Hopf 7T— coalgebra if the linear maps 



Tl p : A a p ®Ap — > A a <S> Ap , 
Tl p : A a <g> A Q/3 — ► A a ® A^ 

defined by 



^(aOft) = A a ,^(a)(l(8)6) , 
T lA a ® h ) = (a® l)A a>/9 (6) 



are bijective for all a, /3 G 7r 



Remark 1. In fact the condition that T*q,T£q are bijective implies that A is nondegenerate 
homomorphism, and hence the homomorphisms (A Qt p®I) and (7® A^-y) have unique extensions 
to M(A a p ® A 7 ) and M(A a <g> Ap-y) respectively so the coassociativity will just mean 

(A ai(9 <g> I)A a/3tl = (I® A /3i7 )A ai/ 3 7 

as maps from A a( g 7 to M(A a ® Ap® A 7 ). 

Also, we can see that (A 1; A^i) is a multiplier Hopf algebra. 

Definition 2.3. A multiplier Hopf 7r— coalgebra (A, A) is called regular multiplier Hopf n— coalgebra 
if the opposite comultiplication A' = a A satisfies 
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1. A' ai/J (o)(l®6) G A p ® A a , (a <g> l)A' a/3 (b) E A@ <g> A a for all a, (3 £ it, 

2. A' is opposite coassociative in the following sense 

(a ® 1 <8> l)(A^ jQ g> J)(A; i/3q (6)(1 ® c)) = (J ® A^a <8> 1)A;^(6))(1 ® 1 ® c), 

3. The linear maps 

: A a/3 ®A a — > A p ® A a , 
T'lp : Ap®A aP — >Ap®A a 

defined by 

T' a ]p(a®b) = A^(o)(l®6), 
l3,(a®6) = (a ® 1) A' Q » 

are bijective. 

Example. Let it be any group, and A be the algebra of complex finitely supported functions on 
it. In this case M(A) consists of all complex functions on ir. Moreover A <g> A can be naturally 
identified with finitely supported functions on ix <g> n so that M(A ® A) consists of all complex 
functions on n Cg> 7r. 

If we define A n = {A a } aen where A a = A for all a G n ,and A aij g : A Q/3 — > M(A a ® Ag) 
where 

A a>fi (f)(s,t) = f(l3- 1 sl3t), 
we will clearly get a family of homomorphisms A = {A Qj/ 3} Qi/3g7r . If / G A a p,g G then 
(s, t) — ► (7(t) will have finite support, and if 5 6 A a , / G v4 a/ j then (s, t) — ► 

g{s)f{s(3~H(3) will have finite support. By direct calculations we can see that A is coasso- 
ciative hence it is a comultiplication. The maps T^^T^a are bijective with inverses RaSjR-a/3 
defined by 

= f(f3st- l (3-\t), 

<*(/)(«,*) = f(s,Ps-Hp- 1 ). 

Let us now browse the two approaches for studying the structure of multiplier Hopf group 
coalgebra. 

3 The first approach. 

In this section we prove the existence of a suitable counit and antipode for the multiplier Hopf 
group coalgebra. Also, we prove that there exist a large subspace of the dual space that can be 
made into an algebra. Finally, we prove that A is a Hopf group coalgebra if and only if it is a 
unital multiplier Hopf group coalgebra, and that S 1-1 exists under some conditions. 
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3.1 Construction of the couint. 
Definition 3.1. For every a G it define a linear map 

E a : A 1 — ► L(A a ) 

by 

K(a)6 = m a (T^)" 1 (a ® 6) V 6 G A a , 

where L(A a ) is the left multiplier algebra of A a , m a : A a (g A a — > A a is the multiplication on 
A a and T^ )B (a ® 6) = Ai, a (a)(l ® 6). 

Because T 1 1 a (x(l g) c)) = T 1 1 a (x)(l g) c) for all 16 A„® A a , c G A a , the same result holds for 
(Ti a) 1 . And since m a (x(l <g c)) = m Q (x)c we get that E a (a) is a left multiplier on A a for all 
a G Al, a G vr. 

Following A. Van Daele we will show that S Q (Ai) C Cl a which will give the map e. 
Lemma 3.2. For all a, b G A a , a G 7r we have 

(I (g £<*)((& (g l)A Qjl (a)) = 6o ® 1. 
Proof. Suppose that a, 6 G A a , and let 

n 

a®b= } j A a|Ct (a i )(l (g 

2=1 

If we apply (A a]1 <g> /) and multiply by (c (g 1 (g 1) on the left then 

(c<g l)A Qj i(a) g) 6 = 5^(c(8)l®l)(A a)1 ® J)(A a , a (ai) (1 <g> &0) 
= ^(/<g A liQ )((c<gl)A (aj))(l (g) 1 <g 

Now, let </9 be any linear functional on v4 a . If we apply (tp (g / (g J) to the above equation, we get 

(</? (g I)((c g) l)A a ,i(a)) <g> 6 = O (g J (g /)(X)( J ® A i,«)(( c ® l)A a ,a(ai))(l ® 1 <g 6i)) 

= ^Ai, a ((^(gl)((c(gl)A (aj)))(l (g 6j) 

(aj)) (g h). 

By the definition of E a we have 

£ a ((<^<g/)((cg) l)A a ,i(a))) b = ^{tp® J)((c (gl)A 

a, a 

then 

(^<g/)((/<g£ Q )((c<gl)A ail (a))(l<g&)) = (^(g/)((c(gl)^A Qja (a i )(l(g6 i )) 

= (yj® J)((c® l)(a®6)). 
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Since this holds for all cp G A' a we get 

(I®E a )((c® l)A ffli i(a))(l® 6) = (ca® 1)(1® 6). 
This gives the required formula in the multiplier algebra. 

□ 

Lemma 3.3. # a (Ai) C C1 Q Va G vr 

Proof. By the bijectivity of x defined by T% x (p <g> g) = (p <g> 1) A Ql (g) we have 

(J ® J5 a )(a <8> 6) G A a <g> 1 V a G Ai, 6 G A Q . 
Which gives that E a (Ai) C C1 Q for all a £ i. 

□ 

Definition 3.4. Define for every a G 7r a map 

5 Q : Ax ► C 

by 

e a (a)l a = E a (a) Va G A\. 
Now we can rewrite the formula in lemma 13.21 as 

(I® e a )((o® l)A a , 1 (6)) = aft. 

By the definition of e a we have 

(e a ® J) (a ® 6) = m Q (TjJ _1 (a g> b) 

and hence 

(e a ® J)(Ai, a (a)(l®6) = oh. 
Lemma 3.5. e a is a homomorphism for all a G it 
Proof. Let a G A a and 6, c G Aj,. By the bijectivity of x we have 

a® be = J^(l®6)(di® l)A ai i(ci) 

j 

= y^(Qij ® l)A ail (bij)A ai i(cj) 
= y^(aij ® 1)A Q; i(%q) 
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where a^, bij, Ci, di G A a . Applying (/ ® e a ) we get 

ae a (bc) = y^^ijbjjCj. 

hi 

On the other hand we have 

ae a (c) = y^^djCj 

i 

if 

a <g> c = y^(dj <g> 1)A q , i i(q). 

i 

Then 

a®fc Q (c) = ^(di®6)(ci® 1) 

i 

= J2(a>ij ® l)Aa,i(&«)(ci® 1] 

Applying (J ® e a ) we get 



ae Q (6)e a (c) = ^a^b 
This means 

ae a {bc) = ae a (b)e a (c). 



□ 



Lemma 3.6. For all a, (3 £ n e a = Sp. 
Proof. We can see that the map 

ip : E a (Ai) — ► ^(Ai) 

defined by 

tp{E a {a)) = E p {a) Va G ^ 
is an algebra homomorphism. Then 

ep(a)Ip = Ep(a) = <p(E a (a)) = <p(e a (a)I a ) = e a (a)<p(I a ) = e a (a)Ip. 

Since this holds for all a G A\, then e a = Bp for all a, (3 G n. □ 

Now, we can summarize the results in this section in the following theorem (generalize |3] 
theorem 3.6). 

Theorem 1. Let (A, A) be a multiplier Hopf n—coalgebra. Then there exist a homomorphism 
e : A\ — ► C such that 



(7® e)((a<8> l)A a ,i(6)) = aft, 
(e®J)(Ai ja (a)(l® &)) = ab 
for all a,b G A Q , a G ir. 

Back to our example when / G Ai, g G A a and £ G 7r 

= (m^T^)" 1 ^® 0))(t) = (f^gXatt^a- 1 ,*) = f(e)g(t) 

and hence e(/) = /(e). 

3.2 Construction of the antipode. 
Definition 3.7. For every a G 7r define a map 

So: ; A a ► 7/(A a -i) 

by 

S a (a)b = (s a ® /)(Ti a _ 1 )- 1 (a ® 6) V 6 G A a -i. 
As before S a (a) is a left multiplier on A a -i for all a G A a . 
Lemma 3.8. For all a G A\, b,c G A^, a G tt, we /iave 

(/ (8) 5 a -i)((c ® l)A a)a -i(a))(l ® 6) = (c ® l)(T 1 1 a )- 1 (a ® 6). 
Proof. Assume that a G A l5 b G A a . Write 

n 

a®b = ^2 ^aa-\a(ai)(l ® 64). 

t=l 

Applying (A a>a -i ® 7), and multiplying by (c <g> 1 (g> 1) on the left, we obtain 

(c®l)A aja -i(a)®6 = J^(c<g>l®l)(A a)a -i® I)(A aa -i, a (a<)(l(8)6 i )) 

= ^(7 g> A Q -i )Q )((c g> l)A Q>a -i Q (a i ))(l g> 1 <g> 60- 

Let ip G A a , and apply (<£> ® 7 ® 7) then 

(^®7)((c®l)A Q>a - 1 (a))®6 = J]A a -i jQ ((<p (g> 7)((c (g) l)A Q , )Q ,-i Q ,(a i )))(l <S> bi) 

= ^ T l-\ a (& ® J )((c ® l)A ttja -i a (a i )) <g> 6i). 
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□ 



By the definition of S a -i we have 

(aj)) ® 6j) 
(a*)) <S> 6i) 

= (y> (g) J)(^Jcaj ® bj), 

and hence 

® /)((/ ® 5 a -i)((c <8> l)A aia -i(o))(l ® 6)) = (y> ® 7)((c <8> l)(T 1 1 iQ )" 1 (a ® 6)). 
Since this is true for all cp G A' a , we get 

(J ® S Q -i)((c ® l)A a , a -i(a))(l ® 6) = (c ® l)(T 1 1 Q )- 1 (a ® 6). 

Lemma 3.9. For oil a 6 Ai, 5, c G A a , a G 7r, we have 

m a (I <g> S'q-O^c® l)A a)a -i(a))(l <g> 6) = ce(a)6. 

Proof. If we apply m a to the equation in lemma 13. 8[ we get 

m Q ((7®S a -i)((c®l)A a , a -i(a))(l<8>&)) = m a ((c ® l)(T 1 1 ia )" 1 (a ® 6)) 

= ce(a)b. 

Lemma 3.10. S a (a) is a right multiplier for all a G A a , a G ir, and satisfies 

m a ((c ® ^(S'a-i ® J)A a -i >a (a)(l ® 6)) = ce(a)6 
for all a £ Ai, b, c G A a , a G 7T. 
Proof. For every a G 7r define 

Si : A a — ► fl(A»-0 V ki-. 

by 

6S:(a) = (/®e)(T Q 2 _ liQ )^(6®a) 

where i?(-A a ) is the right multiplier algebra. Directly we can show that S' a (a) is a right multiplier 
on A a -i for all a G A a . Completely similar as in lemma I3~%1 we can prove that 

(c ® 1) (^-i ® 7)(A a -i >a (a)(l ® 6)) = (Ty-^c ® a)(l ® b). 
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□ 



If we apply m a to the above equation, we get the formula in the statement of the lemma with 
S' instead of S since 

m^Tl ^ic® a)) = ce{a). 

Now, we will show that S' a = S a for all a G n. 
By definition of S' we have 

if 

a®b = ^(aj ® l)A a)a -i(6i). 
Applying (J <g) S a -i), and multiplying by 1 <g> c we get 

a ® Sa-i(b)c = ^2(1 ® 5 a -i)((ai ® l)A a)B -i(6 i ))(l ® c). 

Applying m a we have 

aS a -i(b)c = '^2 a i £ (bi)c = aS a -i(b)c, 
which shows that S^, = S^for all a G 7r, thus S a (a) is a multiplier on A a -i. □ 

Lemma 3.11. For all a, 6 G A a , a G n 

S a (ab) = S a (b)S a (a). 

Proof. Let a, 6 G A a -i, c G A a . Then 

c®a6 = y^(e, <S> a)A aia -i(bi) 

i 

= ® 1)^,0,-1(0^^^-1(61). 

Applying (J <g) S^-i), multiplying by (1 <g> d), and applying m Q we get 

cS a -i(ab)d = ^m a ((I <8>S a -i)((c i j<8)l)A a>a -i(ai > j))(l<8)d)) 
1,3 

= y^ j c i je(aijbi)d. 

1,3 

On the other hand, we have 

cS a -i(b) = y]e i e(6 < ) 

i 

if 

c ® 6 = J^(ei ® l)A aia -i(6i). 
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Then 

cS a -i (b) ® a = ^ tj ® ae(bj) 

i 

= ^2(cije(bi) ® l)A a>a -i (ciij). 



Applying (J ® S a -i), multiplying by (1 ® d), and applying m a we get 

cS a -i(b)S a -i(a)d = Cije(aij)e(bi)d. 

hi 

Thus 

5*0,-1(06) = S a -i{b)S a -i(a) 
for all a, 6 £ A a -i and hence S is an antihomomorphism. □ 

The following theorem gives the main result of this section [generalize [3] theorem 4.6]. 

Theorem 2. If (A, A) is a multiplier Hopf 71— coalgebra then there exist an antihomomorphism 
S = {S a : A a — > M(A a -i)} a£7r such that for all a £ A\ b,c £ A a a £ ir 

m a ((I <g> S a -i)((c® l)A Qia -i(a))(l <g> 6)) = ce(a)6, 

m Q ((c <g> l)(5' a -i ® I)A a -i ja (a)(l ® 6)) = cs(a)6. 

Back to our example let / £ A a , g £ A a -i, and t £ 7r. Then 

{S a (f)g)(t) = (e®/)(ri a - 1 )- 1 (/®^)(t) = (ri a -x)- 1 (/®^)(e,t) 
= (/ ® i) = /(a-H-^git) 

and hence S a (f)(t) = f{a~ 1 t~ l a). 

Theorem 3. A is a Hopf it— coalgebra if and only if A is a multiplier Hopf n— coalgebra with 
unital component. 

Proof. If (A, A) is a Hopf ir— coalgebra then A a has an identity Va £ 7r which means that 
M(A a ) = A a Va £ 7r and according to remark (1) we have A is a comultiplication. 
Now we will prove that the linear maps 

Ta,j3 : A a /3 ® A/3 ► A a ® A/3 , 

Tl p : A a ® A a/3 — >A a ®Ap 

defined by 

T aA a ® b ) = A Q)/3 (a)(l®&) , 
T a ya®&) = (a® l)A Qi/3 (6) 
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are bijective for all a, (3 £ ir . 
Consider the following linear maps 

R\ a : A a ® A g — > A a/3 <g> A p , 
R 2 a p :A a ®A p — >A a ® A a g 

which defined by 

R\A a ® h ) = (( J ® V 1 ) A a/3 > ^-i(a))(l ® 6) , 
KA a ®b) = {a® l)((S a -i ® /)A a - V/3 (&)) . 

By using the properties of 5* and A we can prove that R l a g and R 2 a3 are the inverses of T* g and 
Tj j/3 respectively. If we use Sweedler's notation we get 

(a) 

= Q(l,a) ® a(2,/3)Sf3-i (a( 3i/3 -i)) & 

(a) 

= 2^0(1,0,) ® m a (7 ® 5/3-1 )A /3i/ g-i(a( 2 ,i))(l ® 6) 

(a) 

= 53(a(i,a) ® e(o(2,i))l/9)(l ® 6) = a ® 6. 

(a) 

Similarly, for R^ gT^ g, R 2 a nT 2 3 and T 2 3 R 2 a3 . Therefore A is a multiplier Hopf 7r— coalgebra. 
If A is a unital multiplier Hopf n— coalgebra then M(A a <g> A^) = A Q ® V G 7r and by 
using remark (1) we have 

(A a>0 ® i)A aj9)7 = (I ® A /3i7 )A aj/ 3 7 
as a maps from A a/ 3 7 into A a ® A^ (g> A^ 

Also, since £ is a nondegenerate homomorphism then e ® / and / (g) e have unique extensions to 
M(A\ ® A a ) and M(A a <g> Al), respectively So the counitary property just means 

(J ® £)A a ,i = (e ® 1) Ai, a = J Va e ir. 

Since A is unital then M{A\ ® A a ) = A\ <g> A a and M(A a ® A\) = A a ® A\ and then we obtain 

the definition of the counit introduced by Turaev. 

If A is unital then the antihomomorphism S has the form 

S = {S a : A a > A a -i} ae7r 

such that 

m a (S a -i <g> J)A a -i ia = el a = m a (I <g> S a -x)A aja -i. 

□ 
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3.3 Regular multiplier Hopf group coalgebra. 

In this subsection, we reformulate the concept of regular multiplier Hopf algebra to obtain a 
bijective antipode in our structure using the technique of proofs of A. Van Daele. 

Definition 3.12. A multiplier Hopf 7r— coalgebra (A, A) is called regular multiplier Hopf it— coalgebra 
if the opposite comultiplication A' = a A satisfies 

1. A^(a)(l®6) G A p ® Aa, (a <g> l)A' a/3 (b) G Ap ® A a for all a, (3 G tt, 

2. A' is opposite coassociative in the following sense 

(a ® 1 ® l)(A^ jQ ® 7)(A; )/3a (6)(l ® c)) = (/ ® A^fta <g> l)A; Aa (6))(l ® 1 <g> c), 

3. The linear maps 

defined by 

are bijective. 
Lemma 3.13. For all a G 7r and 

• (e®/)((l®a)Ai ia (6)) = a6, 

• (I® e)(A a ,i(a)(&® 1)) = ab. 

Proof. Define 

E' a : A 1 -> L(A a ) 

by 

<(a)& = m a (7£ 1 )- 1 (a®&). 
Analogous to lemma 13.21 and using the opposite coassociativity we can prove that 

(/®<)((c®l)A' 1)a (a)) = ca(8)l. 

Define 

e' a (a)l a = E' a (a). 



T'lp : A aP ®A a — > Ap® A a 
T' a 2 p : Ap®A a p — > Ap®A a 

a, 6 G A Q we /lave 
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Then 

(/®e')((c®l)Ai )a (ai)) = ca. 

By the definition of e' a we have 

(e' a ® J)(a ® 6) = m a (l2i) _1 (a ® & ) 

and hence 

( £ >/)(Al>)(&®l))=a&. 
If we apply a to the above equations we get 

(e' a (8)/)((l(8)a)Ai )a (6)) = ab, 
(J®e' a )(A a) i(a)(6® 1)) = a&. 

which are the equations in the statement of the lemma with e a instead of e. We will now prove 

that e' a = e. 

By theorem^ we have 

c{e a ® J)(A lja (a)(l <8> 6)) = cafe = (e a <8> J)((l <8> c)Ai >a (a))6. 

Then 

(e« ® /)((1 ® c)A litt (a)) = (e' a ® J)((l ® c)A ljQ (a)). 
By the bijectivity of the map crT'Jp we have 

□ 

Definition 3.14. For every a G n define a linear map 

S' a (a) : A Q ->Af(A»-0 

by 

^(a)(fo) = (e®J)(^ 1 _ v )- 1 (a®6). 

We define S 1 ' = {5' a } ae7r . 

We will show that S has the same properties of S in the sense of the definition of the regular 
multiplier Hopf group coalgebra and is the inverse of S. 

Lemma 3.15. If (A, A) is a regular multiplier Hopf group coalgebra then S is invertible with 
inverse S' , S a (A a ) C A a -i, and S a (A a ) C A a -i for alia E n. 



15 



Proof. Analogous to lemmas 13. 8| 13 .9[ and 13. 10^ and using the opposite coassociativity we can 
proof 

m«((J <g> S^_i)((c <g> 1)A Q - V (a))(l <g> 6)) = ce(a)6. 
Similarly, we can prove that S' a ^ 1 (a) is a right multiplier for all a G A Q , a G 7r and satisfies 

m Q ((c ® l)^ ® 7))((A; a _ 1 (a)(l ® 6))) = ce(a)&. 

Now by the definition of S a we have 

S a (a)(b) = '^e a (a i )bi 

if 

a® 6 = ^A a>a -i(a i )(l® 6i). 

Then 

b® a = ^A' a _i ia (a i )(6i(8)l), 
^(giac = ^ A' a -i ia (a i )(6i ® c). 

Applying (5*0-1 ® J) and multiplying by (d ® 1) 

dS Q -i(b) ®ac = ^(d®l)(S^_i(8) J)(A^ a _i(ai)(6i®c)) 

= £(d ® l)(5;_x(&,) ® l)(5^. a (g) I) (A^ («,)(! ® c)). 



Applying m c 



Which shows that 



dS a -i(b)ac = J ^^dS a -i(b i )e(a i )c 
= y^d5a-i(e(a,)6i)c 
= dS a -i(S a (a)b)c. 

S' a -i(b)a = S' a -i(S a (a)b). 



Since the elements of the form S Q (a)b generates then the above formula implies that 

S a -i(A a -i) C A a for all a G 7r. Similarly, S^-i (A a -i) C A a . The above formula gives that 

S' a „ 1 (b)a = S' a - 1 (b)S' a ^(S a (a))- 

If we multiply by c on the left and use that elements of the form cS '-i(b) span A, we get 
a = S' a _i(S a (a)). Similarly, we can show that b = S' Q ,(S^_ 1 (&)). □ 
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Lemma 3.16. 1. Let a G A a p ,6 G Ap , Oj G A a , and 6j G A/9-1 . T/ien 

a ® 5/j(6) = ^ A^-i^Xl ® 6 f ) ^ a * ® ^a^ 6 *) = ^ ® fo ) A «,/?( a )- 
Lei a G A a p , 6 G A a , Oj G A^, and 6j G A a -i . Then 

Sa-iib) ® a = ^(6i ® l)A a -i iQ/3 (a i ) ^ A a ^(a)(6 <8> 1) = ^ S^fo) ® a*. 
Proof. Assume that 

a® 5/9(6) =^A a/ j )/ 3-i(a i )(l®6 i ). 
Applying (A ajj g ® 7) and multiplying by (c (g> 1 (g) 1) on the left we get 

(c®l)A aij g(o)®^(6) = ^(c®l®l)(A Qi/3 ®/)(A a/3i/3 .i(a i )(l®6 i )) 

= ^(J ® A /3j/3 -i)((c ® l)A ail (oi))(l ® 1 <8> 6 t ). 

Let y? G A^,. Apply (<p <g> I <g> J), we get 

(</> <8> i)((c ® l)A a ,^(a)) ® 5/9(6)) = ^ V/^O ® *)((c ® l)A a ,i(a i )))(l <8> 6.) 

= $^ T iW(^® J )(( c ® l)A a ,i(oi)) ®M- 

By the definition of Sp we have 

5^((^®/)((c®l)A Qi /3(a)))5^(6)) = ^e((</?® /)((c® l)A a|1 ( ai ))) ® 6j 

= ^(</> ® /)((/ ® e)((c ® l)A a|1 (ai)) g> 6i). 

Then 

(</? <g> /)((/ g> 5/9)((c g> l)A« i/3 (a))(l ® 5/3(6))) = ^(p g> /)(«!* <g> 6<). 
Since this holds for all <p G A^ we get 

(I ® 5/3)(c ® 6)A aj/3 (a) = ^(cai ® 6i). 

By cancelling c we get 

(/ ® 5 /3 )(l ® 6)A a ^(a) = 5^( ai <g> 6i). 

Applying I S^ 1 we have 

(1 ®6)A Qi/3 (a) = ^a i <g)5 / r 1 (6 i ). 
Similarly, we can prove part (2) . □ 

Lemma 3.17. Let a G A a -i ,6 G A^-i a -i , aj G A a -i andbi G A/9. T/ien the following statements 
are equivalent : 
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1. A j g ij g-i Q -i(a)(l ® b) = Y^Ap >f )-i a -i(ai)(bi ® 1), 

2. a ® 5^(6) = ® l)A Q -i, a ^(6 i ). 
Proof. Let 

A/j^-ia-i (a) (6 <g> 1) = J^A /9)j9 -i a -i(ai)(6 i ® 1). 

For c G Aq,^ write 

6i ® S'o/jCc) = y]A /9 ^-i a -i(p ifc )(l <8> g ifc ) 

for all i. Then 

A /3i/3 -i a -i(a)(l ®bS a p{c)) = ^ A A/ 3-i a -i(a^ ifc )(l ® q ik ) 

i.k 

and by the bijectivity of the map ^^-i^-i we have 

a <g> bS a(3 (c) = 22 a iPik ® to- 

i.k 

On the other hand, by Lemma f3. 151 we have 

(1 <g> c)A a -i iQ/3 (6) = ^p ik <g> S~p(q ik ). 

i.k 

Therefore 

= y^(a» ® c)A ,-i | a /? (6 i ). 

i 

By cancelling c we get the required formula. □ 

Analogous to lemma POU we can prove the following lemma. 
Lemma 3.18. 1. Let a G Ag-i a -i ,b G Ap-i ,cii G A a -i, and bi G As- Then 

a® 5^_i (6) =^A^-i a _i(a i )(l(g)6i) ^ (1 ® 6)A^_i Q _ 1 (a) = ^ a< <g> S^-i^t)- 

,2. Let b £ A a -i,bi E A a ,a E A a -ip-i, and di E Ap-i. Then 

^-i(&)®a = ^(6i®l)A^i Q _i Q (a i ) ^ A^_ v -i (a) (6 ® 1) = ^ ^ (6<) ® en. 
Lemma 3.19. 1. Let a,a,i G A a -i ,b G A3, and bi G Ap-x a -i. Then 

A A/3 -i Q -i(a)(l ® 6) = ^ A^_ lQ _ 1 (a i )(6, ® 1) ^ a ® ^(6) = ^(1 ® a^A^^). 
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2. Let b G Ap-i a -i , a G A a -i , a, G A Q -i, and 6, G A^. JTien 

A Aj9 -i a -i(a)(l® 6) = ^A Aj9 -i a -i(a i )(6 i <8> 1) ^ (1 ® a)A^-i, a -i(6) = ^S/?(&0 ® a*. 

The first part of the above lemma is a reformulation of lemma IH. 171 for the opposite comulti- 
plication . For part (2) if we apply a to the equivalence in part (1), we get 

A A/S -i a -i(a)(6 (g> 1) = J] A A/3 -i a -i(a i )(l ® 6,) ^ S p (b) ® a = ^(a< <8> l^-i^-ifo). 

But this is up to a different summation gives the equivalence in part (2). 

Proposition 3.20. Let b G A a , a G A a/ g. Then 

(1 ® S , a (6))A i g-i )a -i(^(fl)) = (S/s <g> ,9 Q )[A^(a)(l ® 6)]. 

Proof. Write 

A Qj/3 -i a -i(5' a (6))(l (8 S a p(a)) = ^ A^-i^-i (a*) (6, <g> 1). 
By lemma 13 .191 we have 

5 a (6) <g> a = ^(a* ® l)A a -i ja(j g(6 i ), 

and 

(1 ® S a (b))Ap-i ia -i(S a p(a)) = 5^(&i) ® Oi. 

By lemma 13. 151 we have 

A^(a)(6® 1) = ^S- 1 (a i )®6 i . 

If we combine all of this we get 

(l®5 a (6))A ia -i )a -i(^(a)) = ^(S>®£ a )(fc®S'- 1 (a i )) 

= (S /3 ®S Q )(cr(A Qi/3 (a)(&®l))) 
= {S p ®S a )(A' aJ3 (a){l®b)). 

□ 

3.4 The Dual Algebra 

In general, if A (A) d A® A then the dual space becomes an algebra, but this is not the case in 
the multiplier Hopf ir— coalgebra. So, in the following proposition we will use the technique of 
A. Van Daele in constructing the dual space. 

Proposition 3.21. If (A, A) is a multiplier Hopf it— coalgebra then the vector space A* defined 
by 

A* — CD A* 

ft — Waeirft-ai 
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where A* is the vector space of linear junctionals on A a spanned by elements of the form a — > 
fibac) where b,c G A a and f G A' a , can be made into associative algebra under the product 

(fg)(a) = (f®g)(A a ^(a)) 

where f G A* a and g G A£. 

Proof. Let / G A*, g G Ap. Then there exist b,cE A a , d, e G Ap, f G A a , and g G A^ such 
that f(a) = fibac) for all a G A a , and g(a) = g'(dae) for all a G A^. Assume that a G A Qj/ g then 

(fg)(a) = m c (f <g> g)(A a ^(a)) 

= (f ®g')((b®d)A at p(a)(c®e)). 

Since (6 ® rf)A Q , !/ g(a)(c (8) e) G A a ® Ap then ifg)(a) G C . It means that fg is a linear functional 
on A a p. By linearity it can be extended to all f,g G A*. 
By the bijectivity of T^p and T^p we can write 



= J^(pi® l)A ai/J (gi), 



i=l 
in 



Then 



Define 



by 



Then 



(/y)(a) = ® </)(fe <8> l)A a ^(g i ar j )(l ® fc,)). 

hi j : A aj g — > C 
M a ) = (/' ® ^)((Pi ® l)A„ i/9 (a)(l ® fcj)). 



y 

i.e. G A* V/,p G A* and thus (A*, .) be an algebra. 
Let f\ G A*, fi G and / 3 G A* and they defined by /, = fi{b%(iiCi) i = 1,2,3. where 
ai,bi,Ci G A a ,a 2 b2,C2 G Ap anda 3 , 6 3 , c 3 G Ay. Then 
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((/i/ 2 )/s)(a) = (A/2®/3)((l®&3)Aa A7 (a)(l®C 3 )) 

= (A ® / 2 ® / 3 )((6i ® b 2 ® 1)((1 ® 6 3 )A a/3 , 7 (a)(l ® c 3 ))(ci ® c 2 ® 1) 
= (A ® / 2 ® /s)((l ® & 2 ® 6 3 )((6i ® 1 g> l)(A Qj/3 ® I)(A Q/3 , 7 (a)(l ® c 3 ))) 
(ci ® c 2 (g> 1)) 

= (/i ® / 2 ® / 3 )((1 ® & 2 ® & 3 )((* ® A Aa )((6i <g> l)(A a>/37 (a))(l ® 1 ® c 3 )) 
(ci ® c 2 ® 1)) 

= (/i ® / 2 ® / 3 )((1 ® & 2 ® 6 3 )((/ ® A /3 , a )((6i <8> l)(A a> ^ 7 (a))(ci ® 1)) 

(l®c 2 ®c 3 )) 
= (/i(/a/s))(a). 

Then A* becomes an associative algebra. □ 

If A a is a unital algebra Va G vr, then we have the the same definition of the dual space 
introduced by Virelizier jB]. 

Remark 2. If f(a) = f'(abc), f G A*, and if £ is the counit of A we have 

e/(a) = (£®f)((l®^)Ai, a (a)(l®c)) 
= /'(6(£®/)(A(a)(l®c))) 
= /'(&ac) = /(a). 

Similarly, /e(a) = /(a). So e corresponds to the identity in the multiplier algebra of A*. 

Definition 3.22. Let A be a regular multiplier Hopf 7r— coalgebra and S is the antipode of A. 
Then we define the adjoint antipode to be 

S* : A* -» A* 

by 

(S*f){a)=f(S a -i(a)) 

for all / G AS , a G A„-i . 

Lemma 3.23. S*f G A* if f e A*. 

Proof. Let /(a) = f'(bac) where / G A*, a, 6, c G A a -i, and choose d G Ai such that e(d) = 1. 
By using theorem |2] we get 

(S7)(<0 = /(^«-i(a)) = / , (65 a -i(a)c) 
= /'(6e Q (d)5 a -i(a)c) 

= f'(m a ((I ® 5 a -i)((6 ® l)A a , a -i(d))(l ® 5 a -i(a)c))). 
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By the bijectivity of T^ a _ 1 3 pi <g> qi G A a ® A a -isuch that (b (g) l)A^ Q -i((i) = Y^i=iVi ® Qi- Then 

(S*f)(a) = ^ f(rn a (pj ® 5 a -i (ag«)c) 

By a similar argument we can prove that 

{S*f)(a) = ^2f\b i S a -i(r j aq^k j ). 

□ 

Lemma 3.24. // (A, A) is a regular multiplier Hopf tt- coalgebra then S* is an antihomomor- 
phism of A* . 

Proof. Let / G Ao_i,<? G A*_i, and write g(ai) = g'(S a (b)ai) for some 6 G A a . Then for a G A a p 
we have 

S*(/(/)(a) = fg(S a p(a)) = (f®g')((l®S a (b))Ap-i, a -i(S aP (a))) 
= (/®^((^®5 a )(A^(a)(l®6))) 
= (^'®5*/)(A(a)(6®l)). 

But 

SV(a&) = {/(SaityS^a)) = g(S a (a)) = S*g(a), 

then 

S*(fg) = ((S*g)(S*f))(a). 

□ 

Lemma 3.25. Lei A = {A p }p g G &e a multiplier Hopf G— coalgebra. Then H = {p e G : A p ^ 0} 
is a subgroup of G. 

Proof. Let H = {p G G : A p ^ 0} and p £ H. Then from the bijectivity of the map T-j 1 : 
A p <g> A p — > Ay ® A p we get that Ai 7^ 0. Also, if p, g G if then the bijectivity of the map 
Tpg : A Pt g ® A q ^> Ap® A q implies that A Piq 7^ 0. Finally, for all p G H the bijectivity of the map 
3j_i : Ai ® A p -> Ap-i ® A p implies that p" 1 G if. □ 

4 The second approach 

Now let (A = {Ap} peG , A = {A Pt g} Pt g eG ) be a multiplier Hopf G— coalgebra . Let A G be the 
direct sum of the algebras A p . An element in Aq is a function a from G to UA p , with finite 
support and so that a(p) G A p \fp G G. This algebra is an algebra with a nondegenerate product. 
For a G A p we will use a for the function in Aq that have the value a at p and otherwise and 
use a(p) when we mean the element a G A p . 



22 



Proposition 4.1. let (A = {v4 p } peG , A = {A P9 } PigeG ) 6e a multiplier Hopf G—coalgebra . Then 
Aq becomes a multiplier Hopf algebra under the comultiplication A G : A G — > M(t4 g (g) A G ) given 

Ac(a)(p,g) = A Pj9 (a(pg)). 

Moreover there exist a nondegenerate homomorphism 7 : K(G) — » M(^4 G ) ,where K(G) be the 
algebra of complex valued functions on G with finite support, such that / -f(K(G)) is in the center 
of M(Aq). And 7 is compatible with the comultiplication. 

Proof. I— (Ac, A g ) is a multiplier Hopf algebra. 

(1) Let a, 6 G A G . Then 

(A G (a)(l ® 6))(p, g) = A M (a(pg))(l ® 6(g)), 

but 6 has a finite support, then A G (a)(l ® 6) G A G CS> v4 G . Similarly, (a (g> 1)A G (6) G A G <S> A G . 

(2) Let a, 6, c G A G . Then we have 

(a ® 1 ® 1)(A G g> J)(A G (6)(1 ® c))(p, g,r) = (a(p) ® 1 ® 1)(A M ® I)[(A G (6)(1 ® c))(pg,r)] 

= (a(p) ® 1 ® 1)(A M ® 7)[A M>r (6(pgr))(l ® c(r))] 
= (J ® A,, r )[(a(p) (8) l)A Pi?r (6(pgr))](l ® 1 <8> c(r)) 
= [(/ <g> A G )[(a ® 1)A G (6))](1 ® 1 ® c)](p, g,r). 

(3) The map 7\ : A <g> A — > A <g> A defined by 

T x {a ® b) M = A G (a)(l ® b)(pq) = A M (a(pg))(l ® 6(g)) = T* q (a(pq) ® 6(g)) 
is a bijective with the inverse 

T{\a® b){p,q) = (Tl q )-\a(pq- 1 )®b(q)), 

since 

((T 1 - 1 oT 1 )(a®6))(p,g) = (^^(^(a ® 6)(pg-\ g)) 

= K q y\Tl q {a{pq- 1 q)®b{q)) 
= a(p)®b(q). 

Similarly, [(T\ o T{ l (a ® 6)](p, g) = a(p) ® 6(g). 
Also, the map T 2 : A® A — > A® A defined by 

T 2 (a ® b)(p, q) = (a(p) <g> l)A M (b(pq)) 

is bijective with the inverse 

T 2 - 1 (a®b)(p,q) = (Tl q )-\a(p)®b(p~ 1 q)). 
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II— There exist a nondegenerate homomorphism 7, from K(G) into the center of M(Aq), 
compatible with the comultiplication. 

(1) Let K{G) be the algebra of complex valued functions on the group G with finite support. 
Define 

7 : K(G) — ► M(A) 

by 

T(/)(P)=/(P)1P 

By the definition of 7 we have that 7(/) in the center M(A) V/ G K(G). Moreover, r y{fg){p) = 
(f9)(p)l p = f(p)g(p)l P = WH9)M and i(K(G))A G = A Gl {K{G)) = Aq. 

(2) Consider 

(7®7)A (/)(p,g) = [(7®7)(E C «E^^fci 

s r 

= CA(p)®5 r -i s (g)l g ] 

s,rGG 

= /(pg)(ip®i 9 )- 

On the other hand 

Ao(7(/))(p,?) = A M (7(/)(P,?)) 

= Ap )ff (/(pg)l M ) 

= /(pg)(l p ®l,). 

Thus 7 is compatible with the comultiplication □ 

Let (A, A) be a multiplier Hopf algebra such that there exist a nondegenerate homomorphism 
7 : K(G) — ► M(A) such that ~f(K(G)) is in the center of M(A) and 

A(7(/)) = (7®7)Ao(/), 

where A G (/)(p,g) = /(pg). 

We denote this multiplier Hopf algbera with the nondegenerate homomorphism 7 by (A, A) . 

Let A p = Aj(6p), 5 P G K(G) where 5 p (q) = 5^ = {°' p tl. Because of A p is a subalgebra of 
t4 and satisfies that if aj(5 p )lrf(5p) = V aj(5p),j(5 p ) 7^ then ab^(S p ) = V a G A and hence 
&7(5 P ) = 0. Similarly, if a r y(S p )lrf(5p) = V tr/(5 p ), 7(<5 P ) 7^ then a^{5 p ) = 0. Then v4 p is an 
algebra with a nondegenerate product. A can be identified with the direct of A p 's using 

a — > (aj(S p )) peG 
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Since 7 is a nondegenerate homomorphism then for all a £ A there exist / £ K(G) such that 
a = a'-f(f). Since / £ K(G) then there exist finite number of 5's such that f = Y1 c p$p an d hence 
a £ © p /l7(<5p) = @pA p . Then Va £ A there exist a finite numbers of p's such that a £ © p Ap 

Let a, b £ A and S q £ K(G). Then the map Ti satisfies 

Ti(a^(5 p ) ® ky(5 q )) = A(a 7 (5 p ))(l ® 67(^9)) 

= A(a)(7®7)A (£ p )(l<8>&)(l®7(<y) 
= A(a)(l®6)( 7 ® 7 )T 1 °(5 p ®5 g ) 
= f 1 (a®6)( 7 ® 7 )T 1 ((5 p ®5 (? ) 

and its inverse satisfies 

ff 1 (a 7 (<5 p ) ® 67(5,)) = TfV ® 6) (7 <8> 7 )(T 1 °)- 1 (5 P <g> <f 9 ). 
Similarly, the map T 2 satisfies 

T 2 (a 7 (5 p ) ® &7(<J,)) = f 2 (a ® 6) (7 ® l)T° 2 {5 p ® 5 q ) 

and its inverse satisfies 

f 2 \ ai (5 p ) ® 67(5,)) = f 2 \a <g> 6) (7 ® 7 )(T 2 °)" 1 (5 P ® 5 ff ). 

For a, b £ A and 5 P , 5 q £ K(G) the counit satisfies 

£(a7(<y&7(<y) = mT 1 - 1 (a 7 ((5 p ) ®6 7 (<5 g )) 

= mfr 1 (a®6)(7®7)((T 1 )- 1 (5 p ®5 9 )) 
= £(a)&7(e (5 p )5 9 ) 
= 5(a)e (5 p )67(5 g ). 

Since £ (f) = /(e) V/ £ K{G) then e(a7(<5p)) = e(a) when e = p and zero otherwise 
Also, the counit satisfies 

(I ® 5)A(a 7 (5 p ))(l ® by{S q )) = aj(5 p )bry(5 q ) = abj(6 p 6 q ), 

(e ® 7)(a7(J p ® 1)A(6 7 <5 9 ) = a&7(<S p )7(<S ff ) = aln(5 p 5 q ). 
For the antipode we have 

S(aj(6 p ))lrf(6 p ) = (e®/)f 1 - 1 (a 7 (5 P )®67(^)) 

= (e ® Off^a ® 6) (7 ® 7 )((T 1 °)^ 1 (5 P ® *,)) 

= 5(a)&7((£ ©J)^ )- 1 ^® 5,)) 

= S(a)bj(S (S p )'y(6 q ) 

= S(a) 7 (&(tfp))&7(* ff ). 
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Since S (5 P ) = 5 p -i then S(a"f(5 p )) = S(a)'j(5p-i). 
Also, the antipode satisfies 

m(S <8> J)A(a 7 (5 p ))(l <g> by(6 q )) = e{ay(S p ))bj(S q ) = e{a)e {8 p )b 1 {8 q ), 
m{I <8> S)(by(6 q ) <g> l)A(a 7 (5 p ) = &7(<S 9 )e(a)e (<? p ). 

Proposition 4.2. Let A be a multiplier Hopf algebra and^f : K(G) — > M(A) be a nondegenerate 
homomorphism from K(G) into the center of M(A) satisfies 

A( 7 (/)) = (7®7)Ao(/) 

then this comes from a multiplier Hopf G—coalgebra. 

Proof. Define a family of algebras A = {Ap} pe c by A p = Ay(8 p ). Then A p is an algebra with 
nondegenerate product. Define a family of homomorphism A = {A P)9 : A pq — > M{A p ®A q )} PA£G 
by 

A p>q (aj(8 pq )) = A(a)(j(8 p ) ®j(6 q )). 
For a-~f(5 pq ) G A P9 , lry(8 q ) G A q we have 

A P)? (a 7 (5 M ))(l®6 7 (5 ? )) = A(a)(l®&)( 7 (<y <g> 7 (<y) 

= T x (a® 6)( 7 (<5 P ) (8> 7 (5 g )) G A p <g> A ? . 

For bq(5 pq ) G v4 pg and 07 (<5 P ) G A p we have 

(a 7 (5 p ) g> l)A pq (by(5 pq )) = (a g> 1)A(6)( 7 (5 P ) ® 7 (£,)) 

= f 2 (a ® 6)(7(5 P ) ® 7(<5 a )) G A p ® A g . 

The coassociativity of A = {A Pi9 : A pq — > M(A P ® A g )} Pjge G is follows directly because of the 
coassociativity of A and that j(K(G)) is in the center of M(A). So A is a comultiplication 
The maps T p>q : A pq <g> A q — > A p <g> A q given by 

Ti, q (a-y(6 p )®by{6 q )) = A p>q ( ai (8 pq )(l ® by(8 q ))) 

= T 1 (a®6)(7(5 p )®7(5 9 )) 

= T 1 (a®6)(7® 7 )(T 1 (5 M ®5 (? )) 

are bijective with inverses 

(T^)- 1 (a 7 (5 P ) ® &7(5 g )) = Tf^a ® &)( 7 (* M ) ® 7 (<g) 

= ff 1 (a®6)(7®7)T 1 (5 p ®<5 9 ) 
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Also, the maps T? : A p <g> A pq — > A p <g> A q given by 

Tp^a^p) ® bj(S q )) = (a-y(S p ) ® l)A M (a 7 (<5 P9 )) 

= T 2 (a®&)( 7 ® 7 )T 2 (5 p ®5 pg ) 

are bijective with inverses 

(T p 2 g )- 1 (a 7 (5 p ) ® by(5 q )) = f 2 -\a ® 6)( 7 (^) ® 7 (* M )) 

= f 2 - 1 (a®6)(7®7)((T 2 )- 1 (5 p ®5 pg )) 

Thus (A = {A p } peG , A = {A p>q } P;qeG ) is a multiplier Hopf G— coalgebra. 

Now let (Ag, Ac?) be the multiplier Hopf algebra associated to (A, A) as in lemma(1.4). 
Define a map ip : A — > Aq by 

tp(a)(p) = a 7 (5 p ) G Ap. 

Since a G ® p A p for finite number of p's then <^(a) will has finite support (i.e. if is well defined 
(<p(A) c A G )). 

If <f (a) = <f(b), a,b G A then 

a 7 (£ p ) = bj(6 p ) \/p (a - 6) 7 (<y = V5 P 

By the nondegenerancy of 7 we have a — b = ==>- a = 6 hence </? is 1 — 1 . 
Also, 

V b G 3 a = G A such that <p(a) = b, 

then tp is onto. 

if is a nondegenerate homomorphism, where 

(p(ab)(p) = atrf(5 p ) = a 7 (5 p )6 7 (5 p ) = (ip(a)ip{b))(p) Vp G G. 

Moreover, we also have 

A GO0))0,g) = Ap,,(^(a)(pg)) = A M (a 7 (5 pg )) 

= A(a)( 7 (<y ® 7 (5 9 )) = ((p ® p)A(a))(p, g) 

Thus A is isomorphic to Aq. 

There exist a map 7 g : K{G) — > Aq defined by 

iG(f)(p) = f(ph(s P ). 

Since j(S p ) is the unit of M(A P ). Then 7 g(/)(p) = /(p)lp an d hence as in lemma (1.4) 7g is 
a nondegenerate homomorphism compatible with the comultiplication and 7 c(if (Cr)) is in the 
central of M(A). 

□ 
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The last two propositions show that there exist a one to one correspondence between the 
class of multiplier Hopf G— coalgebras and the class of multiplier Hopf algebras such that each 
multiplier Hopf algbera endowed with a nondegenerate hommomophism form the algebra of 
complex valued functions with finite support on the group G into the center of its multiplier 
algebra and compatible with its comultiplication. 

Lemma 4.3. Let (A, A) be a multiplier Hopf G—coalgebra. Then there exist a homomorphism 
e : A e — > C such that 

(J® e)((a® l)A PiC (6)) = aft, 

(e®/)(A ei p(a)(l®6)) = ab 

for all a, b G A p , p G G. 

Proof. Consider the algebra (A, A) be as above. For a, b G A we have 

e(a)b = £ ( a 7(<5 P ))M^) = £(aj{S e ))b. 

v <? 

Define a map e : A e — > C by e(a) = e(a) Va G A e . By the properties of the map e we have that 
e is a nondegenerate homomorphism. Let x,y £ A p with x = a^(S p ),y = try(5 p ) where a, 6 G A 
then 

(J®e)((ar® l)A p , e (y)) = (7®e)((a7(5 p ) <8> 1) A Pie (6 7 (<5 p ))) 

= (J®e)((o® l)(7®7)(<5 J ,(gi(Je)A(6)) 

= (J ® e)((a ® 1)( 7 ® 7)((^ P ® l)A (<y )£(&)) 

= (J®e)((a 7 (<5p)®l)A(67(<J p ))) 

= a7(5 p )&7(5 p ) = xy. 

Similarly, we can prove that (e ® J)(A ep (x)(l (g> j/)) = xy. 

Also, for the multiplier Hopf algebra (Aq, A g ) we get that ec(a) = e(a(e)) Va G A G . □ 

Lemma 4.4. // (A, A) is a multiplier Hopf G—coalgebra then there exist a family of antihomo- 
morphisms S = {S p : A p — > M(A p -i)} pe a such that for all a G A e , b G A p and <fi G G we 
have 

m p ((I ®S p -i) ({b ® l)A p>p -i (a))) =e(6)a, 
m p ((S p -i (g> J)A p -i iP (a)(l <g> 6)) = e(a)6. 
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Proof. In the algebra (A, A) 

S(aj(6 p )) = S(a)j(S {5p)). 
For the multiplier Hopf G— coalgebra (A, A) we define 

S p : A p — > Af(V) 

by 



5'(a7(5p)) = 5(a)7(S' ((5p)). 



Let a G A e b G v4 p . Then 



m p (J <g> 5 , p -i)[(6 7 (5 p ) <g> l)A PiP -i(a7(5 e ))] = m(I <g> 5) [(6 <g> l)A(a)( 7 <g> 7 )(5 P ® l)A (5 e )] 

= m(J(g)5')[(67(5 p )(8)l)A(a7(5 e ))] 
= e(a7(<J e ))6T(5p). 

Also, we can prove that 

m p (S p -i <g> J)(A p -i iP (a)(l <g> 6)) = e(a)6. 
For the algebra (Aq, A G ), we have 

S{a)(p) = S p -t(a(p- 1 )). 

□ 

Theorem 4. A is a Hopf G— coalgebra if and only if A is multiplier Hopf G— coalgebra such that 
A p is unital Vp G G. 

Proof. If (A, A) is a Hopf G— coalgebra then A p has an identity Vp G G which means that 
M(Ap) = A p Vp G G and according to remark (1) we have A is a comultiplication. 
Now we will prove that the linear maps 

Tp : q '■ Apg CS> A q ► A p ® A q , 
Tp,q '■ Ap <S> A pq > A p ® ^4<j 

defined by 

Ti, q {a®b) = A p , 9 (a)(l<g)&) , 



2jL(a®&) = (a® 1)A M (6) 



are bijective for all p, g G G . 
Consider the following linear maps 



• Ap ® ^<3 * ^P ® ^P<3 
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which defined by 

Rl, q ( a ® 6) = (( J ® S,-i)A m -i(a))(l g> 6) , 
i?2 ? ( a g, 6 ) = ( a ^((^ g, j)Ap-i^(6)) . 

By using the properties of S 1 and A we can prove that and i?^ are the inverses of T£ and 
T| , respectively By using Sweedler's notation, we get 

T iq R \,li a ® b ) = S T i«( a (l.*9) ® 5 '?- 1 ( a (2 ! 9-l))&) 
(a) 

= a ( 1 ' < ? i ) ® a (2,g)'S'g- 1 (^g" 1 )) & 

(a) 

= ^ Q(i,^) ®m^(J®5 , g -i)A M -i(a( 2 ,i))(l®6) 

(a) 

= 5^( a (i,<« ® e(a(2,l))l ff )(l ® 6) = a <8> 6. 

(a) 

Similarly, for Tj; , R^ T% and T? R\ . Therefore A is a multiplier Hopf 7r— coalgebra. 

If A is a multiplier Hopf G— coalgebra such that A p is unital Vj) 6 G then M(A^ ® A g ) = 
A^ ® A g V 0, g G G and by using remark (1) we have 

(A^g <g> I)A^ r = (I <g> Ag ir )A^^ r 

as a maps from A^ gr . into ® A 9 ® A r . 

Since A is unital then M(A 1 <g> A^) = Ax® A^ and M(A^ ® Ax) = A^ ® Ai so the counitary 
property just means 

(7®e)A0 ) i = (e®l)Ai > = / V0 G G. 

Then we obtain the definition of the counit introduced by Turaev. 
If A is unital then the antihomomorphism S has the form 

S = {S^ : Aff, > A^-ij^eG 

such that 

□ 

4.1 Regular multiplier Hopf group coalgebra. 

Lemma 4.5. (A = {A p } p& g, A) is a regular multiplier Hopf G— coalgebra iff (Ac, Ac) is a 
regular multiplier Hopf algbera . 
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Proof. 1) If (A = {A p } p( zc, A) is a regular multiplier Hopf G— coalgebra , then (Ac, Ac) is a 
multiplier Hopf algbera . It is clear that A G is nondegenerate and from the coassociativity of 
Ac, it follows that A' G is coassociative. Let a,b £ A G then 

A' G (a)(l®&)(g,p) = a(A G (a)(6®l))(g,p) 

= <T(Ac(a)(b®l)(p,q)) 

= o-(A p>g (a(pq)(b(p)®l))) 

= A' p>g (a(pq)(l ® &(p))) £ A g ® A p . 

Similarly, we can prove that (a ® 1) A' G (b) £ A g ® y4 p . Hence, Ac is an opposite co multiplication 
on Ac- 

The map T[ : A G ® A G —> A G ® A G defined by 

T[(a®b)(q,p) = A' G (a)(l®b)(q,p) 

= A' M (a(pq)(l®b(p))) 

= T' p ] q (a(pq)(l®b(p))) £ A q ® Ap 

is bijective since the members of the family T' 1 = {T^ q } Ptqe c are bijective . 
Similarly, we can prove that the map T' 2 is bijective. 
Therefor, (A G , A G ) is a regular multiplier Hopf algbera . 

2)If (Ac, Ac) is a regular multiplier Hopf algbera , then (A, A) is a multiplier Hopf G— coalgebra . 

a) Let a £ A pq , b £ A p . Then 

A G (a)(l®b)(q,p) = a G (A(a)(&<g>l)(p,g)) 

= a(A(a)(b®l)(p,q)) 

= a(A(a(pq))(b(p)®l)) 

= A' pq (a(pq))(l®b(p)). 

Since A' G (a)(l <g> b)(q,p) e A q ® A p then A' M (a)(l ®b) eA q ® A p . 
Similarly, we can prove that (a <S> l)A' p q (b) £ A q ® A p for all a £ A q , b £ A pg 

b) Since the map T[ is bijective then T[(p, q) is bijective . Similarly, for the maps T p 2 q . 

c) Let a £ A pi b £ y4 rgp and c £ A r . Then 

[(a ® 1 ® 1) (A' G ® J)(A' G (&)(1 ® c))](p, g, r) 

[(/ ® o- g )(ct g ® /)(/ ® (7 G )((1 ® 1 ® a) (J <g> A G )(A G (6)(c ® l)))](p, q, r) 
(I®a)(a® I)(I<g> a)((l <g> 1 ® a)(I ® A G )(A G (b)(c ® l))(r, q,p)) 
(I ® tr)(<r ® J) (J <g> a)(l <g> 1 ® a(p))(7 <8> A g>p )(A r . 9P (6(rgp)(c(r) ® 1))) 
(a(p) ® 1 ® l)(A' 9iP ® 7)(A; iffl ,(6(rgp))(l ® c(r))). 
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On the other hand 



(I ® A' G ) ((o® 1)A' g (6))(1 <8> 1 ®c)(p,q,r) 

(a G ® I) (J ® (7 G )((7 G ® /)((A G ® J)((l ® a)A G (6))(c ® 1 ® l))(p, g, r) 
0" ® I) (I ® cr)(cr ® I)((A G <8> J)((l ® a)A G (6))(c ® 1 ® l)(r, g,p)) 
(a® /)(/ ® a)(o ® /)((A ri9 ® 7)((1 ® a(p))A r , )P (6(rg,p)))(c(r) ® 1 ® 1)) 
(J® A; g )((a(p) ® 1)^(6^, p)))(l ® 1 ® c(r)). 



(a(p)®l®l)(A; jP ®/)(A r)gp (6(r,^))(l®c(r))) = (I® A^J((a(p)®l)A r?)P (&(rg,p)))(l®l®c(r)). 



Corollary 4.6. Lei (A, A) &e a multiplier Hopf G—coalgebra . Then for any element a G A p £/iere 
exzsi some elements e, f E A p such that ea — a — af . If the antipode of (A, A) is endomorphism 
of A (i.e. Sp(A p ) C Ap-i for all p G G) then such elements e, / exist /or any finitely many 
elements a±, 02, a n in A p such that ea^ = Oj = a^/ /or any i. 

Corollary 4.7. // (A, A) zs a regular multiplier Hopf G—coalgebra then 

1. (e® J)((l® a)A e , p (6)) = a& ; 

2. (7 ® e)(Ap )e (a)(6 ® 1)) = afr 
/or all p £ G and a,b G A p . 

Proof. Since (A, A) is a regular multiplier Hopf G—coalgebra then (A G , A G ) is a regular multi- 
plier Hopf algbera . For all a,b G A p we have 



Since A' G is coassociative, we have 



Then (A, A) is regular multiplier Hopf G—coalgebra . 



□ 



ab(p) 



(J®£ G )(A G (a)(6®l))(p) 
(J®£)(A G (a)(fo®l)(p,e)) 
(/®£)(A Pie (6® 1)). 



Similarly, we can prove part 2. 



□ 



Lemma 4.8. Let (A, A) be a regular multiplier Hopf G—coalgebra . Then 



• There exist an antihomomorphism S' = {S' p : A p 
a £ Ax b,c G A p and p G G 




m p ((I ® S;_0((c ® l)A; p _ 1 (a))(l ® 6)) = ce(a)6 ; 
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m p ((c ® l)(Sj_i <8> /)A^_ l p (a)(l ® 6)) = ce(a)6. 

• 5p(y4 p ) C Ap-i ; and S^Ap) C A p -i, S p is invertible for all p £ G with inverse S p _i for 
allp G G. 

The proof of the first part is completely similar to lemma (1.7) if we use the multiplier Hopf 
algbera (Aq, A' g ) instead of (Aq, A G ). The 2 nd part is follows directly form the properties of Sq 
and S G . 

Lemma 4.9. 1. Let a G A pq ,b G A q , aj G A p , and bi G A„-i. Then 

a®S q (b) = ^A P5i ,-i(a i )(l®6 i ) 4» a 4 ® 5j_i (&<) = (1 ® 6)A p ,,(a). 

Lei a G A pq ,b G A p , a, G A g , and 6j G . T/ien 

^-1(6) (g> a = J2( b i ® ^Ap-i^^ai) A p ,,(a)(& ® 1) = S£-i(&0 ® a*. 

5. Let a G ,6 G , Oj G and bi G A ? . T/ien the following statements are 

equivalent : 

(a) A M -ip-i(a)(l ® 6) = £ A 9ig -i p -i(a i )(6 i <g> 1), 
(&J a <g> S^(6) = E(«i ® l)A p -i, OT (&i), 
(cj (1 ® a)A ? -i iP -x (6) = J] S^) (8) a*. 

Proof. Since (Ac, Ac) is a regular multiplier Hopf algbera then for all a G A pg , 6 G A q , a, G A p , 
and bi G we have 

(a®S G (b))(pq,q- 1 ) = A G (a l )(l g> 6 i ))(pg, g" 1 ) ^ ( J] «i ® S G (bi))(p.q) = ((1 g> 6)A G (a))(p, g), 
a(p?) ® 5 ff (6(g)) = ^ A PM - 1 (a i (p))(l ® fe^g" 1 )) ^ ® = ( X ® %))Ap,,(a(pg)). 

Similarly, we can prove parts 2 and 3. □ 
Lemma 4.10. Let b G A p and a G A pq . Then 

(1 ® 1 Sp(6))A g - 1 ,p- 1 (5p,(a)) = (5 9 ® S P )(A;»(1 ® 6)). 
Proof. Let b £ A p and a G A pg . Then 

(l®S G (6))A G (5 G (a))(g- 1 ,^ 1 ) = (S G ® 5 G )(A G (a)(l ® ft))^ 1 ,? -1 ), 
(1 ® S , p(6(p)))A 9 -i i p-i( 1 Sp,(a(pg))) = (t((S p <8> 1 S , ,)(A p , g (a(pg))(6(p) ® 1))) 

= (S 9 ®Sp)(A p >( w ))(l®&(p))). 

□ 
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Proposition 4.11. If (A, A) is a multiplier Hopf G—coalgebra. Define the vector space A* by 

A* = ®^ G A% 

where A^ is the vector space of linear functionals on A^ spanned by elements of the form a — > 
f(bac) with b,cE A^ and f G A'^. A* can be made into associative algebra under the product 

{fg)(a) = {f®g){A (f>>q {a)) 

where f G A*, and g G A*. 

Proof. Let / G A^ and g G A*. Then there exist b, c G A^, d,e G A q , f G A^, and g G A' q such 
that f(a) = f'(bac) for all a G A^, and g{a) = g (dae) for all a G A q . Assume that a G A^ q then 

(fg)(a) = m c {f® g)(A M (a)) 

= (f'®g')({b®d)A (j>>q {a){c®e)). 

Since {b ® d) A^ g (a)(c ® e) e ® 4 g then (fg)(a) G C . It means that /g is a linear functional 
on A^q. By linearity it can be extended to all f,g G A*. 
By the bijectivity of T£ and T| we can write 

n 

b®d = y](pi<8) ljA^fa), 

i=l 
m 

c®e = A^ g (r j )(l ® fcj). 
i=i 

Then 

(/<?)(a) = <g> </)(fe (8) l)A M ( ?i ar i )(l <g> kj)). 

Define 

^t,j : A^ q > C 

by 

M a ) = (/' ®g'){(jPi® l)A M (a)(l® fcj)). 

Then 

(/#)(» = XX^ ar )' 
m 

i.e. /# G A* V/,p G A* and thus (A*, .) be an algebra. 

Let fi G Af,f 2 G A* and f 3 G A* defined by /* = fiipiOiCi) i = 1,2,3, where ax,bi,Cx G 
^0,a2,&2,c 2 G A q anda 3 ,6 3 ,C3 G A r . Then 
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((/i/ 2 )/ 3 )(a) = (/i/2®/3)((l®63)A^ ir (a)(l®C3)) 

= (/i ® / 2 ® / 3 )((&i ® h <g> 1)((1 <g> 6 3 )A^ r (a)(l ® c 3 ))(c! ® c 2 ® 1) 
= (/i ® / 2 ® /s)((l ® &2 ® 63) ((61 <g> 1 (8) 1)(A^,, <g> J)(A^, r (a)(l <8> c 3 ))) 
(ci ®c 2 ® 1)) 

= (/1 ® h ® ® &2 ® 6s)((/ ® A 9j0 )((6i ® l)(A^ gr (a))(l ® 1 g> c 3 )) 

(ci ® c 2 ® 1)) 

= (fi ® / 2 ® ® & 2 ® &3)((/ ® A, i0 )((6i <8> l)(A Mr .(a))( Cl ® 1)) 

(1 ® c 2 <8> c 3 )) 

= (/i(/ a /s))(o)- 

Then A* becomes an associative algebra. □ 

Remark 3. By direct calculations we can prove that the two algebras (A*, *) and (A*G,m) are 
the same, where the latter is the dual algebra of (A G , Aq). 

4.2 Invariant functionals on regular multiplier 
Hopf Group coalgebras 

Notation Let (A, A) be a regular multiplier Hopf algbera , a G A pq , b G A g , and u G A' . Then 
we can define a multiplier n G M(A 9 ) by 

no = (a;®7)(A M (a)(l(8)6)) 
6n = (w <g> J)((l <g> 6)A M (a)). 

We will write 

n = (uj ® J)A Pi? (a). 
Similarly, we can define (/ (g) a/) A P)9 (a) G M(A P ) , where to' G A' 

Definition 4.12. A family ip = {ip p : A p — > C} pe c of linear functionals on A is called left 
invariant if 

(J <g> y?q)A Pi(? (a) = y? pf ,(a)l p Va G Apq, p,q £G. 

A family <p = {<p p } p eG is said to be nonzero if <p p 7^ for some p G G. 

A family ^ = : A p — > C} pS g of linear functionals on A is called right invariant if 

P <g) l)A Pi3 (a) = Va G A pq ,p,q G G 

A family ip = {ip p } p eG is said to be nonzero if ip p ^ for some p £ G. 
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Lemma 4.13. If if is a nonzero left invariant family of Junctionals then tp p ^ for all p G G 
such that A p ^ 0. 

Proof. If (f = {y^pjpeG is a nonzero left invariant family of functionals then <p q ^ for some 
g G G. Let p £ G such that A p 7^ 0. Then A qp -i 7^ and we have for all b G A qp -i 

(7 g> v?p)Agp-i >p (a)(6 <8> 1) = ¥? g (a)6. 

Hence y2 p 7^ 0. 

Similarly, the right case can be proven. □ 

Proposition 4.14. A has a left invariant family of functionals iff Ac has a left invariant func- 
tional. 

Proof. Let tp = {(p p } P £G be a left invariant family of functionals for A. Define a linear functional 
y?G : A G -> C by 

<P<?(a) = ^p( a G°)) Va G ^g- 

For a, b G A G , we have 

[(/®^ G )(A G (o)(6®l))](p) = ^(/®^)[(A G (a)(6®l))(p,g)] 

geG 

= £(J ® <^)[A M (a(pg))(&(p) ® 1)] 

gGG 

= ^Vm(o(P9))6(p) 

g€G 

= (<p G (a)b)(p). 

Similarly, we can prove (7 <g> <p G )((b (g> l)A G (a)) = hp a (a). Thus <£>g is left invariant. 

Let p>c is a left invariant functional for A G . Define <p p : A p — > C by (p p (a(p)) = <£> G (a) for all 
a G A p . Let a G A pg and b G A p . Then 

{I®<p q )A Piq (a(pq)){b(p)®l) = (J®^)([A G (a)(6®l)](p J g)) 

= J](7(8)^)([A G (a)(fo(8)l)](p,r)) 

reG 

= [(/®^ G )(A G (a)(6®l))](p) 
= ¥?e(a)6(g) = p M (a)6(g). 

Note (I<8>p r )([A G (a)(&® l)](p,r)) = Vr 7^ g. 

Similarly, we can prove that (7 ® <Pp)((° ® l)A P)? (a)) = bcp pq (a). Thus </? is left invariant. 
Similarly, the right case can be proven. □ 
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Corollary 4.15. Let (A, A) be a regular multiplier Hopf G— coalgebra with left invariant family 
of functionals. Then for any finitely many elements a q ,a2, ...,a n G A p there exist an element 
e G A p such that such that eai = = a^e for any i 

Corollary 4.16. If tp is left invariant then p> o S = {p p -i o S p : Ap —>■ C} pg c is right invariant. 

Proof. Let p> = {^ p } P eG be a left invariant family of functionals for A. Then tpc is a left 
invariant functional for Ac- Hence, tpo ° Sq is a right invariant functional for Ac- Then the 
family {y? p -i o S p : A p —> C} pg c is right invariant. □ 

Corollary 4.17. If ip = {p p } P eG is a nonzero left invariant family of functionals for A then p 
is unique (up to scaler). The members of (p are faithful. Also, if ip = {4>p\p&G is a nonzero right 
invariant family of functionals for A then ip is unique (up to scaler). The members of ip are 
faithful. 

The proof of uniqueness is an immediate consequence of the uniqueness of invariant function- 
als on Aq. If a G A p such that p P (a{p)b{p)) =0 V6 G A p then pci.^) = V x G Ac and hence 
a = (pc is faithful ). Similarly, If b G A p such that p p (a(p)b(p)) =0 V a G A p then b = 0. 
If A p is unital for all p G G then A is a Hopf G— coalgebra and the above corollary gives the 
uniqueness of its left integrals. 

Let (A, A) be multiplier Hopf G— coalgebra with a left invariant family of functionals p = 
{p>p} p( zG ■ Then (Ac, Aq) has a left invariant functional ipc- Hence, there exist a multiplier 
T> G G M(A G ) = {a:G -> UM(A P ) | a(p) G M(A P )} such that 

(p G ® /)A G (a) = p G (a)V G . 

Let a G A p(J and b £ A q . Then 

[(p G ® /)(A G (a)(l ® 6))](g) = <^(a)P G (g)%). 
By the definition of p>G we get 

ip pq {a(pq))V G (q)b(q) = ^(^ r ® /)(A r ,,(a(rg))(l ® %))) 

reG 

= (^®J)(Ap i ,(a(pg))(l®6(g))). 
We define a family of multipliers V = {V p G M(A p )} peG by £> p = T>a(p)- 

Lemma 4.18. For all p G G there exist a multiplier V p G M(A P ) such that for all p,q G G 

(ip p ® I)A Pt g(a) = p pq (a)V q . 
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Also, V p is invertible and satisfies 

\, q (D pq ) = V p ®V q , e (Pi ) = 1 , S p (V p ) = V-\ . 
Corollary 4.19. Let tp = {p p } P e G be a nonzero left invariant family of functional for A. Then 

1. For all p £ G, a £ A p 

ip p -i(S p (a)) = ipp(aV p ). 

2. For all a £ A p there exist b £ A p such that 

(f p (ca) = <p p (bc) Vc £ A p . 

Remark 4. Let tp = {p p }p G G be a nonzero left invariant family of functional for A. Then 

1. If ip = ip o S, and if we replace a by ca, c £ A p in part (1) of corollary ()4.19|) , we have 
^p(ca) = ip p (caVp), with b = aV p we get ^ p (ca) = (p p (cb). 

2. In part (2) of corollary ()4.19|) if we apply S we get ip p (ca) = ip p {bc) for all c £ A p . 

3. By (1),(2) we get that for all a £ A p there exist b £ A p such that ip p (ac) = <p p (cb) for all 
c £ Ap. 

4. If we combine all of this we get the equality of the four following set of functionals: 

{<p p (a.) | a £ A p }, Wp(-a) \ a £ A p }, 

{ip p (a.) | a £ A p }, {tpp(.a) \ a £ A p }. 

Let (A, A) be multiplier Hopf G— coalgebra with a left invariant family of functionals (p = 
{(p p }p<zG ■ Then (Aq, Aq) has a left invariant functional tpcj. Hence, there exist an automorphism 
o~g such that ipc is o"g invariant and pc( a b) = (pG(baG(a)) or all a, b £ A^. 
For a, 6 £ A p we have 

ip G (ab) = ^(p r (a(r)b(r)) = <p p (a(p)b{p)) . 

r 

On the other hand 

ip G (ba G (a)) = ^2ip r (b(r)a G (a)(r)) = ip p (b(p)a G (a)(p)). 

r 

Define a p : A p — > A p by a p {a{p)) = a G (a)(p) V a £ A p 

Note : By the faithfulness of p p we have that a p (a(p)) ^ for all ^ a £ A p . 

Lemma 4.20. There exist a family of automorphisms a = {cr p } pe G of A such that ip p (ab) = 
tp p (bo~p(a)) for all a,b £ A p . We have also that p p is o~ v invariant. 
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Corollary 4.21. Let a, a' denoted the two families of automorphisms associated with ip and ip 
respectively. Then for all a G A pq the automorphisms a, a' satisfying : 

S p oa' p = o-pJi, 
\,q{v P q{a)) = (S p -i o S p <g> a pq )A Piq (a), 

Corollary 4.22. For all a,b G A p we have 

(p p {{S p -i o Sp)(a)b) = cp p {ba p ((S p -i o S p )(a))). 
Proof, let a, b G A p . Then 

MS 2 (a)b) = <p p (({S o S)(a))(p)b(p)) 

= <Pp({{S p -i o Sp)(a(p)))b(p)). 

On the other hand, we have 

Mbo-(S 2 (a))) = p p (b(p)a(((S o S)(a)))(p)) 

= (p p {b(p)(T p ((S p -i o S p ){a{p)))). 

Since 

MS 2 (a)b) = VG {ba{S\a))) 
we get the required formula. □ 
Let a G Ap. Then by corollary (j4.19|) we have 

¥p{S p -i o S p (a)) = <fp-i(Sp(a)V p -i) 
= (fp-iiV^aVp). 

By the uniqueness of the family <p then there exist a number r p such that >p p o S p -i o S p = r p ip p 
for all p G G. On the other hand ip G o S 2 = YlpVp ° 'Sp- 1 ° S p is left integral for A G . Then 
ipc° S 2 = T G ip g and hence r p (^ p = i~ G (p p which means r p = t g for all p G G. 

Corollary 4.23. We have a P (V P ) = o-' p (V p ) = (1/t)V p and V p a(a) = cr p (a) for all a G 
A p ,p G G. 

Lemma 4.24. Let (A, A) be a regular multiplier Hopf G—coalgebra , with nonzero left invariant 
family of functionals <p = { l p P } P eG ■ Then the vector space 

A = (B P £ G A p , 
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where A p = {<p p (.a) \ a G A p }, can be made an associative algebra under the product 

fg(a) = (f®g)\M 

for all f G A p ,g G A q , and a G A pq . Moreover, the comultiplication A given by 

((f®l)A(g))(a®b) = (f®g)(A P , q (a)(l®b)), 
(A(/)(l(g)y))(a®6) = (/®y)((a®l)A M (6)), 

inrn it into a regular multiplier Hopf algebra with nontrivial left and right invariant functionals 
given by 

<p(f)=e(a), when f = tp n (a.) 
$(/)=e(a), when f = (p v {.a) . 

The proof is direct because the multiplier Hopf algebras (A, A) and (Aq, Aq) are the same 

Corollary 4.25. Let (A, A) be a multiplier Hopf G—coalgebra with non zero left invariant 
family of functionals. Then the regular multiplier Hopf G—coalgebra associated with (A, A) is 
isomorphic to (A, A) 

The proof is direct since (Aq, Aq) is isomorphic to (Aq, Aq) = (A, A) and combine this with 
Proposition (1.5). 

4.3 Multiplier Hopf group coalgebras modules 

Definition 4.26. Let A be a regular multiplier Hopf G—coalgebra. A left A-module is a family 
of vector spaces R = {R p } p< zq endowed with a family of linear maps \i = {fi p : A P ®R P — > R p } p£ q 
such that 

fj, p (aa' (g) x) — fi p (a <g> fi p (d (g) x)) 
for all a, a 1 G A p , x G R p . We call R unital if A P R P = R p for all p G G. 

Lemma 4.27. If R is a unital left A— module then Rq = {r : G — >• U p& qRp \ r(p) G Rp Vp G G} 
is a unital left A G — module. 

Proof. Let a G Aq, r G Rq. We define the action of Aq on Rq by 

(ar)(p) = a(p)r(p) Wp G C 

For a, a' G Ac r G Rq, we have 

((aa')r)(p) = (a(p)a' (p))r(p) = a(p)(a'(p)r(p)) = a(p)(a'r)(p) = (a(ar))(p). 
Since A P R P = R p then AqRq = Rq and hence Rq is a nuital left A^— module. □ 
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Let R be a unital left A— module. Then we can extend the action of A to M(A) and hence 
we can define an action of K(G) on R by 

S p r = j(S p )r. 

Let a G A,r G R and S p , 5 q G K{G) then 

(5 p 5 q )(a.r) = j(S p )^(5 q )(a.r) = j(S p 5 p )(a.r) = {^ (5p)a ). r); 
On the other hand 

S P (S q (a.r)) = 6 p {j(6 q )(a.r)) = j(6 p )j(6 q ){a.r) = {° 7(5p)a) 



p+q 
p=q 



V+1 
r p=q 



then (8 p 8 q ).r = 5 p (5 q .r). 

Moreover, since R is unital A— module then AR = R and hence 

K{G).R = <y(K(G)).AR = AR = R. 

Thus R is a unital K(G)— module and then R can be identified with the direct of the subspaces 
{R p = 5p.R} p£ G- Hence, we get a"f(5 p ).r G i? p Vr G R 

Lemma 4.28. Let R be a unital left A— module. Then R comes from a unital left A— module. 
Proof. Let R be a unital left A— module. Define R = {R p } p( zG, where R p = r ){5 p )R and 

Hp '. A p (x) Ap > Rp 

by 

V P (aj(5 p )~/(5 p )r) = fM(a^(5 p )^(5p)r) 
For a^{5p),}r){8p) G A p , -f(5 p ).r G R p we have 

fip(a-f(5 p )b'j(5p) <g> j(Sp).r) = fl(aj(5 p )bj(5 p ) <g> j(S p ).r) 

= ji{a-i{5p) <g> fi{bj(5 p ) ® j{S p ).r)) 

= fi{a~j{5p) <g> Hp{b^(5p) <g> -f(Sp).r)) 

= ii p (aj(5 p ) <S> iip(bj(5 p ) <g> 7(5 p ).r)) 

Also, we have A p _R p = y47(5 p ).7(5 p )i? = 7(<5 p )Ai? = j(5 p )R = R p . Hence, R is a unital left 
A— module 

Define / : R — > Rg by f(r)(p) = ^(5 p ).r The map / is bijective moreover, it is satisfies 

((p(a)f(r))(p) = a<y(5 p ).r = (a.r)(p) Va G A 

□ 
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Lemma 4.29. Let R be a unital left A— module. Then there is a unique extension to a left 
M [A) — module. We have l p x = x Vx £ R p , p £ G. 

Let R, T are unital left A— modules. Then R ® T can be made into a unital left A— module 
with structure map 

a(x (g) y) = A P}q (a)(x (g) y), Va £ A pq \ x £ A p \ y £ A q 



aa'(x ®y) = A M (aa')(x ® y) = A(a)A(a')(x (g) y) = A(a)(A(a')(x <8> J/)) = a(a'(x <g> ?/)). 
Because A Pi? (j4 P9 )(j4 p <g> A q ) = A p <g> A 5 , we get 



Then R®T is unital left A— module 

Let (A, A) be a regular multiplier Hopf G— coalgebra , i?' be a G— graded algebra over C with 
or without identity but with a nondegenerate product. Assume that R = {R p } p& g, where 
R! = ©pgc-Rp is a left A— module. 

Definition 4.30. We say that R is a left A— module algebra if 



Lemma 4.31. If R is a unital left A— module algebra then Rq is a unital left A G — module algebra. 
Proof. Let a £ Aq and x, x' £ Rq then 



since 



A p<q (A pq )(R p ®T q ) 



A m (A pg )(A p ®A g )(R p ®T q ) 
(A p ®A q )(Rp®T q ) 

(Rp <g> T q ). 



a 



(xx 1 ) = y](a(i#) x )(a(2, q )x') Va £ A, x £ R p ,x' £ 




r 




r 




r 




r 



a(p)(xx')(p) 
[a(xx')](p). 



□ 
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Let R be a unital left A— module algebra. Then R is a unital left K(G)— module algebra and 
hence R is a G— graded algebra. 

Lemma 4.32. Let R be a unital left A— module algebra. Then R comes from a unital A— module 
algebra. 

Proof. Let R be a unital left A— module. Then aj(6 pq ) G A pq , xj(S p ) G A p and x ,r y(5 q ) G A q 
a l(Spq)(l($p)xi(dq)x') = J2(ail(Srh(S p )x)(a 2 ^(5 r -i pq )^(5 q )x') 

r 

= (j(6p)a 1 x)(j(6 q )a2x') 

= m R (A Ptq (a'j(5p q ))('j(5 p )x ® j(6 q )x')). 

Then R = {R p = l(o~ p )R} P £G is a unital left A— module algebra. 

Moreover, the map f : R —> Rq defined by f{r)(p) = 7(5 p )r is an algebra homomorphism since 
f(rr')(p) = (rr')(p) = ]Tr( S )rW) = £ /(r)( fl )/(rO(a _1 p) = (/(r)/(rO)(p)- 

□ 

Let a G A G and x, x' G i?c then we have 

(ax)x' = ^]ai(x(S(a2)x')). 

Then for all p G G, we have 

((ax)x')(p) = Q2a 1 (x(S(a 2 )x')))(p), 
^2(ax)(r)x'(r~ 1 p) = ^ a 1 (p)[(x(S(a 2 )x'))(p)], 

r 

^^[(a(r)x(r))x'(r _1 p) = ^^ai(j9)[^^x(r)[(S'(a 2 )x')(r~ 1 j9)] 

r r 

= Yl Yl ai (p) t x ( r ) [ 5 (^2) (p~ 1 r)x'(r~ 1 p)] 

r 
r 

Since A G (a)(p, g) = A Piq (a(pq)) then XXG ) ® a 2(<?) = X! a (i,p)G°<?)) ® a(2, q )(pq))- then 
^(a(r)x(r))x / (p _1 r) = ^ a (^) ( r )) t x ( r ) [ V 1 r(«(2, P -ir) (r))x'(r~ V) 

r r 

and 

(a(r)x(r))x'(r~ 1 p) = ^ a (i, P )( r )l x ( r ) [S P -^r(a i2iP -i r) (r))x (r^p)}}. 

13 



Lemma 4.33. 1. For a £ A p , x <E R p and x' £ R q , we have 

(ax)x' = ^ a( ltPq )(x{S q -i{a 2>q -i)x')). 

2. For a £ A q , x £ R p and x' £ -R g , we have 

x(ax') = ^2a { 2,pq)((S q -i(a^ p -i)x)x'). 

References 

[1] M.E.Sweedler, Hopf algebra, Benjamin, New York, 1969. 

[2] EIICHI ABE, Hopf algebras, Cambridge University Press, 1977. 

[3] A.Van Daele, Multiplier Hopf algebras, Trans. Amer. Math. Soc. 342 (1994), 917-932. 

[4] A.Van Daele, Discrete quantum groups, J. of Algebra 180 (1996), 431-444. 

[5] V.G.Turaev, Homotopy field theory in dimention 3 and crossed group categories, preprient 
GT/0005291. 

[6] Alexis Virelizier, Hopf group coalgebras, J. of Pure and Applied Algebra 171(2002)75-122 

[7] A.S.Hegazi, A.T. Abd El-hafez and M.Mansour "Multiplier Hopf Group Coalgebra, 
Preprint Mansoura University 2002 

[8] A.T. Abd El-hafez, L. Delvaux, and A. Van Daele, Group-cograded multiplier Hopf (*- 
) algebras, Preprint Q A/0404026 



11 



